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Abstract
In this paper we establish Picone-type inequalities for a pair of a damped linear elliptic
equation and a forced nonlinear elliptic equation with damped term and give some
Sturm comparison theorems via the Picone-type inequality. An oscillation result is
also given as an application.
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1 Introduction
The existence and location of the zeros of the solutions of diﬀerential equations are very
important. Accordingly a large literature on this subject has arisen during the past century.
After Sturm’s signiﬁcant work [] in , Sturmian comparison theorems have been
derived for diﬀerential equations of various types. In order to obtain Sturmian compar-
ison theorems for ordinary diﬀerential equations of second order, Picone [] established
an identity, known as the Picone identity. In the latter years, Jaroš and Kusano [] derived
a Picone-type identity for half-linear diﬀerential equations of second order. They also de-
veloped Sturmian theory for both forced and unforced half-linear equations based on this
identity [, ].
The Sturm-Picone theorem and much of the related theory should allow generalization
to certain partial diﬀerential equations. There are many papers (or books) dealing with
Sturm comparison (or oscillation results) for a pair of elliptic type operators. We refer to
Kreith [, ], Swanson [] for Sturmian comparison theorems for linear elliptic equations
and toAllegretto [], Allegretto andHuang [, ], Bognár andDosly [], Dunninger [],
Kusano et al. [], Yoshida [–] for Picone identities, Sturmian comparison and/or os-
cillation theorems for half-linear elliptic equations. In particular, we mention the paper
[] by Dunninger which seems to be the ﬁrst paper dealing with Sturmian comparison
theorems for half-linear elliptic equations. Note thatmost of the work in the literature deal
with the Sturm comparison results for elliptic equations that contain undamped terms for
example see [–, , –] and damped terms [–]. The forced diﬀerential equa-
tions and their oscillations has recently become more interesting research areas. Yoshida
© 2015 S¸ahiner et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly credited.
S¸ahiner et al. Journal of Inequalities and Applications  (2015) 2015:77 Page 2 of 15
established results dealing with the forced oscillations of solutions of second order elliptic
equations [, ].
We consider a damped linear elliptic operator
(u) =∇ · (a(x)∇u) + b(x) · ∇u + c(x)u (.)
with forced nonlinear elliptic operator with a damped term of the form
Pα(v) =∇ ·
(
A(x)|∇v|α–∇v) + (α + )|∇v|α–B(x) · ∇v + g(x, v), (.)







where | · | denotes the Euclidean length, · denotes the scalar product. It is assumed that
 < γj < α < βi (i = , , . . . ,; j = , , . . . ,m).
Although there are plenty of results related to Sturm comparison (or oscillation results)
of linear equations, there are only a few results dealing with nonlinear equations [, ].
By investigating the behavior of solutions of linear equations, we can establish consider-
able results for the behavior of solutions of nonlinear equations. Motivated by this idea,
we give some Sturm comparison theorems via Picone-type inequalities for (u) =  and
Pα(v) = f (x). To the best of our knowledge, the above damped elliptic operators  and Pα
have not been studied.
Note that the principal part of (.) are reduced to the p-Laplacian ∇ · (|∇u)|p–∇u (p =
α + ). We know that a variety of physical phenomena are modeled by equations the p-
Laplacian [–]. We refer the reader to Diaz [] for detailed references on physical
background of the p-Laplacian.
We organize this paper as follows: In Section , we establish Picone-type inequalities for
a pair of {,Pα}. In Section  we present Sturmian comparison theorems and Section  is
left for an application.
2 Picone-type inequalities
In this section, we establish Picone-type inequalities for a pair of diﬀerential equations
(u) =  and Pα(v) = f (x) deﬁned by (.) and (.), respectively. Let G be a bounded
domain in Rn with piecewise smooth boundary ∂G. We assume that a(x) ∈ C(G¯,R+),
A(x) ∈ C(G¯,R+), b(x) ∈ C(G¯,Rn), B(x) ∈ C(G¯,Rn), c(x) ∈ C(G¯,R), C(x) ∈ C(G¯,R), Di(x) ∈
C(G¯,R+ ∪ {}), Ej(x) ∈ C(G¯,R+ ∪ {}) (i = , , . . . ,; j = , , . . . ,m) and f (x) ∈ C(G¯,R).
The domain D(G) of  is deﬁned to be set of all functions u of class C(G¯,R) with the
property that a(x)∇u ∈ C(G¯,Rn)∩C(G¯,Rn). The domainDPα (G) of Pα is deﬁned to be the
set of all functions v with the property that A(x)|∇v|α–∇v ∈ C(G¯,Rn)∩C(G¯,Rn).
Let N = min{,m} and
G
(


















We need the following lemma in order to give the proof of our results.
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Lemma . The inequality
|ξ |α+ + α|η|α+ – (α + )|η|α–ξ · η ≥ 
is valid for any ξ ∈ Rn and η ∈ Rn, where the equality holds if and only if ξ = η.
For the proof of the lemma see [], Lemma ..
Theorem . If u ∈D(G) of (u) = , v ∈DPα (G), and v =  in G and vf (x)≤  in G, then


















































Here ϕ(s) = |s|α–s, s ∈ R, 
(ξ ) = |ξ |α–ξ , ξ ∈ Rn, and








Proof We easily see that
∇ · (ua(x)∇u) = (∇u)Ta(x)(∇u) – b(x)u · ∇u – c(x)u, (.)
and using Young’s inequality we have
ub(x) · ∇u≤ ∣∣b(x)∣∣(u + (∇u)). (.)







≥ (∇u)T(a(x) – ∣∣b(x)∣∣)(∇u) – (∣∣b(x)∣∣ + c(x))u. (.)
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Di(x)|v|βi–αv – f (x)|v|α–v
)
|u|α+.




Di(x)|v|βi–αv – f (x)|v|α–v = C(x) +
∑
i=





g(x, v) – f (x)
) ≥ C(x)|u|α+ (.)
Combining (.), (.), and (.) we get the desired inequality (.). 
Theorem . If v ∈ DPα (G) of (u) = , v =  in G, and vf (x) ≤  in G, then for any u ∈


















































where ϕ(s) = |s|α–s, s ∈ R, 
(ξ ) = |ξ |α–ξ , ξ ∈ Rn, and C(x) is deﬁned as in Theorem ..
Proof Combining (.) with (.) yields the desired inequality (.). 
By using the ideas in [], the condition on f (x) can be removed if we impose another
condition on v, as |v| ≥ k. The proofs of the following theorems are similar to the proofs
of Theorems . and . and the proof of the Lemma  in [], hence omitted.
Theorem . If u ∈D(G) of (u) = , v ∈DPα (G), and |v| ≥ k then the following Picone-



















































S¸ahiner et al. Journal of Inequalities and Applications  (2015) 2015:77 Page 5 of 15
where ϕ(s) = |s|α–s, s ∈ R, 
(ξ ) = |ξ |α–ξ , ξ ∈ Rn, and



























Theorem . If v ∈ DPα (G) and |v| ≥ k then the following Picone-type inequality holds


















































Pα(v) – f (x)
]
, (.)
where ϕ(s) = |s|α–s, s ∈ R, 
(ξ ) = |ξ |α–ξ , ξ ∈ Rn, and C(x) is deﬁned before in Theo-
rem ..
3 Sturmian comparison theorems
In this section we establish some Sturmian comparison results on the basis of the Picone-
type inequalities obtained in Section . We begin with a theorem needed for comparison
results.
















then every solution v ∈ DPα (G) of Pα(v) = f (x) satisfying vf (x) ≤  in G vanishes at some
point of G¯. Furthermore, if ∂G ∈ C, then every solution v ∈DPα (G) of Pα(v) = f (x) satisfying
vf (x)≤  in G has one of the following properties:
() v has a zero in G,
() u = ceα(x)v, where c =  is a constant and ∇α(x) = B(x)A(x) .
Proof (The ﬁrst statement) Suppose to the contrary that there exists a solution v ∈DPα (G)
of Pα(v) = f (x) satisfying vf (x) ≤  in G and v =  on G¯. Then the inequality (.) of The-
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Since u =  on ∂G and v =  on G¯, we observe that u cannot be written in the form u =
































which together with (.) implies thatM[u] > . This contradicts the hypothesisM[u]≤ .
The proof of the ﬁrst statement () is complete.
(The second statement) Next we consider the case where ∂G ∈ C. Let v ∈ DPα (G) be
a solution of Pα(v) = f (x) satisfying vf (x) ≤  in G and v =  on G. Since ∂G ∈ C, u ∈
C(G¯,R) and u =  on ∂G, we ﬁnd that u belongs to the Sobolev spaceW ,α+ (G), which is








of the class C∞ (G) of inﬁnitely diﬀerentiable functions with compact supports in G, [,
]. Let uk be a sequence of functions in C∞ (G) converging to u in the norm (.). Inte-


































We ﬁrst claim that limk→∞ M[uk] =M[u] = . Since A(x), C(x), Di(x) (i = , , . . . ,), and








































































∣∇(uk – u) +
B(x)
A(x) (uk – u)
∣∣∣
∣
≤ (α + )
(




∣∣ + |B(x)|A(x) |uk – u|
)
.
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Since also B(x) is bounded on G¯, then there is a constant K such that |B(x)|A(x) ≤ K on G¯. Let



















≤ (α + )Kα+
(|∇uk| + |∇u| + |uk| + |u|
)α(∣∣∇(uk – u)
∣∣ + |uk – u|
)
. (.)





















≤ (α + )Kα+
(∫
G


































≤ (α + )Kα+
(‖uk‖ + ‖u‖





∣∣dx≤ (α + )(‖uk‖ + ‖u‖
)α‖uk – u‖. (.)







for some positive constant K depending only on K, K, K, and α, from which it follows
that limk→∞ M[uk] = M[u]. We see from (.) that M[u] ≥ , which together with (.)
impliesM[u] = .






























for w ∈ C(G;R). It is easily veriﬁed that
≤QB[uk]≤QG[uk]≤M[uk], (.)
where QG[uk] denotes the right-hand side of (.) with w = uk and with B replaced by G.
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where q = α+
α
, the constants K, K, and K are independent of k, and the subscript B
indicates the integrals involved in the norm (.) are to be taken over B instead of G. It
is well known that the Nemitski operator ϕ : Lα+(G)→ Lq(G) is continuous [] and it is
clear that ‖uk – u‖B →  as ‖uk – u‖G → .


























≡  in B. (.)
From this, Lemma . implies that








v ≡  in B.
Hence we observe that uv = ceα(x) in B for some constant c and some continuous func-
tion α(x). Since B an arbitrary ball with B¯ ⊂ G, we conclude that uv = ceα(x) in G where
c = . 
Corollary . Assume that f (x) ≥  (or f (x) ≤ ) in G. If there is a nontrivial function
u ∈ C(G,R) such that u =  on ∂G and M[u] ≤ , then Pα(v) = f (x) has no negative (or
positive) solution on G¯.
Proof Suppose that Pα(v) = f (x) has a negative (or positive) solution v on G¯. It is easy to
see that vf (x) ≤  in G, and therefore it follows from Theorem . that v must vanish at
some point of G¯. This is a contradiction and the proof is complete. 
Theorem . (Sturmian comparison theorem) If there is a nontrivial solution u ∈ D(G)
















u ≥ . (.)
Then every solution v ∈ DPα (G) of Pα(v) = f (x) satisfying vf (x) ≤  in G must vanish at
some point of G¯. Furthermore, if ∂G ∈ C, then every solution v ∈ DPα (G) of Pα(v) = f (x)
satisfying vf (x)≤  in G has one of the following properties:
() v has a zero in G,
() u = ceα(x)v, where c =  is a constant and ∇α(x) = B(x)A(x) .
Proof The theorem can be proof via the inequality (.) by applying the same argument as
that use in the proof of Theorem .. But here we will give an alternative proof. By using
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the deﬁnition ofM[u] and V [u], we have the following:




(∇u)T(a(x) – ∣∣b(x)∣∣)(∇u) – (c(x) + ∣∣b(x)∣∣)u}dx.
For the last integral over G, considering the integral of the inequality (.) by using the
divergence theorem and in view of (.) implies that M[u] ≤ . Then the conclusion of
the theorem follows from Theorem .. 
Since the hypothesis V [u] ≥  contains the nontrivial solution u of (u) = , Theo-










Ej(x)|v|γj–v = f (x), (.)
where βi, γj are real positive constants such that γj <  < βi (i = , , . . . ,; j = , , . . . ,m),
we observe some interesting results for the pair of (u) =  and P(v) = f (x). Now, we will
consider the equations (u) =  and P(v) = f (x).
Corollary . If u ∈D(G) of (u) = , v ∈DP (G), and v =  in G and vf (x)≤  in G, then







≥ (∇u)T(a(x) – ∣∣b(x)∣∣ –A(x))(∇u) – uϕ(u)
ϕ(v)
[





















where βi, γj are real positive constants such that γj <  < βi (i = , , . . . ,; j = , , . . . ,m).


















then every solution v ∈ DP (G) of (.) satisfying vf (x) ≤  in G vanishes at some point
of G¯. Furthermore, if ∂G ∈ C, then every solution v ∈ DP (G) of (.) satisfying vf (x) ≤ 
in G has one of the following properties:
() v has a zero in G,
() u = cv, where c =  is a constant.
The proof can be given by using the same process as in the proof of Theorem ..
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Then every solution v ∈DP (G) of (.) satisfying vf (x)≤  in Gmust vanish at some point
of G¯.
Proof Suppose that, contrary to our claim, there exists a solution v ∈DP (G) of (.) sat-















≡  in G,
that is, u/v = c on G¯ for some constant c. Since u =  on ∂G we see that c = , which
contradicts the fact that u is nontrivial. The proof is complete. 
Corollary . Assume that







βi, ,Di(x), f (x)
) ≥ ∣∣b(x)∣∣ + c(x) (.)
in G. If there exists a nontrivial solution u ∈D(G) of (u) =  such that u =  on ∂G, then
every solution v ∈DP (G) of (.) satisfying vf (x)≤ must vanish at some point of G¯.
In the special case b(x)≡  and f (x)≡  we consider the following equations:
∇ · (a(x)∇u) + c(x)u =  (.)
and






Ej(x)|v|γj–v = . (.)
For (.) and (.) the following corollary can be given as a result of a special case of
Theorem ..
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Corollary . Assume that
a(x)≥ A(x)
and
C(x)≥ c(x) in G.
If there is a nontrivial solution u of (.) such that u =  on ∂G, then every solution v of
(.)must vanish at some point of G¯.
Note that when we take α =  and b(x) ≡ B(x) ≡ , we obtain interesting results for
the considered the pair of linear and nonlinear equations, that is, our results are reduced
to the well-known results in the literature. For example, if we omit the damped terms,
that is, b(x) ≡ B(x) ≡  and if we substitute C(x) ≡ , D(x) ≡ C(x), β = β , E(x) ≡ D(x),
γ = γ , and Di(x) ≡ Ej(x) ≡  (i = , , . . . ,; j = , , . . . ,m), then it is seen that our results
are reduced to the results which are given in [] in the case aij(x)≡ a(x) andAij(x)≡ A(x).
In special cases these results are also reduced to the results in [, ].
Theorem . Suppose that G is divided into two subdomains G and G by (n – )-
dimensional piecewise smooth hypersurface in such a way that
f (x)≥  in G and f (x)≤  in G. (.)


















dx≤ , k = , , (.)
then every solution v ∈DP (G) of (.) has a zero on G¯.
Proof Suppose that (.) has a solution v ∈DP (G) with no zero on G¯. Then either v <  on
G¯ or v >  on G¯. If v <  on G¯, then v <  on G¯, so that vf (x)≤  in G¯. Using Corollary .,
we see that no solution of (.) can be negative on G¯. This contradiction shows that it is
impossible that v <  on G¯. In the case where v >  on G¯, a similar argument leads us to a
contradiction and the proof is complete. 
In [], Yoshida also studied a similar problem. Inspired by his results we establish the
following theorems by using Picone-type inequalities given in Theorems . and .. Since
the proofs of the theorems can be given by similar lines of thought to the proofs of Theo-
rems . and . and the proof of Theorem  in [], the proofs are omitted.
S¸ahiner et al. Journal of Inequalities and Applications  (2015) 2015:77 Page 12 of 15
Theorem . Let k >  be a constant. Assume that there exists a nontrivial function u ∈




















Then for every solution v ∈DPα (G) of (.), either v has a zero on G¯ or |v(x)| < k for some
x ∈G.



















∣∣)|u|α+ – (∣∣b(x)∣∣ + c(x))u ≥ . (.)
Then every solution v ∈ DPα (G) of Pα(v) = f (x) in G must vanish at some point of G¯ or
|v(x)| < k for x ∈G.
Here we point out that, when we compare Theorems . and . with Theorems .
and ., respectively, we see that the condition on f (x) is removed, but, while Theorems .
and . cannot guarantee a zero in G¯, Theorems . and . guarantee a zero in G¯.
4 An application
Let  be an exterior domain in Rn, that is,  ⊃ {x ∈ R : |x| ≥ r} for some r > . We
consider the following equations:
(u) =  in  (.)
and
P(v) = f (x) in , (.)
where the operators  and P are deﬁned before a,A ∈ C(,R+), b,B ∈ C(,Rn), c,C ∈
C(,R), Di,Ej ∈ C(,R+ ∪ {}) (i = , , . . . ,; j = , , . . . ,m) and f ∈ C(,R), βi, γj are real
positive constants such that γj <  < βi.
The domain D() of  is deﬁned to be set of all functions u of class C(,R) with the
property that a(x)∇u ∈ C(,Rn). The domain DP ()of is deﬁned similarly. A solution of
(.) (or (.)) is said to be the oscillatory in  if it has a zero in r for any r > , where
r = ∩
{
x ∈ Rn : |x| > r}.
Now we will give an oscillation result for (.) in an exterior domain  in Rn which
contains {x ∈ Rn : |x| ≥ r} for some r > .
Theorem. Assume that for any r >  there exists a bounded domain G inr with piece-
wise smooth boundary which can be divided into subdomains G and G by an (n – )-
dimensional hypersurface in such a way that f (x) ≥  in G and f (x) ≤  in G. Assume
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furthermore that Di(x)≥  (i = , , . . . ,) and Ej(x)≥  (j = , , . . . ,m) in G and that there
are nontrivial functions uk ∈ C(G¯k ,R) such that uk =  on ∂Gk and MGk [uk]≤  (k = , )
where MGk are deﬁned by (.). Then every solution v ∈DP () of (.) is oscillatory in .
Proof We need to apply Theorem . tomake sure that v has a zero in any domain G¯⊂ r
as mentioned in the hypotheses of Theorem .. For any r > , there exists a bounded
domain G as deﬁned in Theorem .. this leads v is oscillatory in . 






+K(sinx sinx)|v|β–v +K(sinx sinx)|v|β–v = cosx sinx, (.)
where β , K, and K are constants such that β > , K ≥ , and K ≥ , but they are not
equal zero at the same time, and  is unbounded domain in R containing a horizontal
strip such that
[π ,∞)× [,π ]⊂ .
Here  = , β = β , β = β , A(x) ≡ , C(x) ≡ , D(x) = K(sinx sinx), D(x) =
K(sinx sinx), Di ≡  (i = ,, . . . ,), Ej(x)≡  (j = , , . . . ,m) and f (x) = cosx sinx. For
any ﬁxed j, we consider the rectangle
Gj =
(
jπ , (j + )π
) × (,π ),












π , (j + )π
) × (,π ),
by the vertical line x = (j+ (/))π . It is easy to see that f (x)≥  in Gj and f (x)≤  in Gj.


















β (K sinx sinx)

β | cosx sinx|
β–
β
+ β(β – )
–β
β (K sinx sinx)
























–  β(β – )
–β























+ β(β – )
–β









S¸ahiner et al. Journal of Inequalities and Applications  (2015) 2015:77 Page 14 of 15
thenMGjk [uk]≤  holds for k = ,  and for any ﬁxed j ∈N . Therefore, Theorem . impliesthat every solution v of (.) is oscillatory in  for all suﬃciently large β , K, and K. For
example, if we choose β = , K = , and K = , then the above inequality holds.
Competing interests
The authors declare that they have no competing interests.
Authors’ contributions
All authors contributed equally to all the steps in writing this paper. All authors read and approved the ﬁnal manuscript.
Author details
1Department of Mathematics and Computer Sciences, Izmir University, Uckuyular, Izmir, 35350, Turkey. 2Department of
Mathematics, Ege University, Bornova, Izmir, 35100, Turkey.
Acknowledgements
The authors would like to thank the anonymous referees for their valuable comments and useful suggestions, which have
contributed to the ﬁnal version of the paper.
Received: 25 July 2014 Accepted: 11 February 2015
References
1. Sturm, C: Mémoire sur les équations diﬀerentielles linéaires du second ordre. J. Math. Pures Appl. 1, 106-186 (1836)
2. Picone, M: Sui valori eccezionali di un parametro da cui dipende un’equazione diﬀerenziale lineare ordinaria del
second’ordine. Ann. Sc. Norm. Super. Pisa 11, 1-141 (1909)
3. Jaroš, J, Kusano, T, Yoshida, N: Picone-type inequalities for half-linear elliptic equations and their applications. Adv.
Math. Sci. Appl. 12(2), 709-724 (2002)
4. Jaroš, J, Kusano, T: Second-order semilinear diﬀerential equations with external forcing terms. RIMS Kokyuroku 984,
191-197 (1997)
5. Jaroš, J, Kusano, T: A Picone type identity for second order half-linear diﬀerential equations. Acta Math. Univ. Comen.
68, 117-121 (1999)
6. Kreith, K: Oscillation Theory. Lecture Notes in Mathematics, vol. 324. Springer, Berlin (1973)
7. Kreith, K: Picone’s identity and generalizations. Rend. Mat. 8, 251-261 (1975)
8. Swanson, CA: Comparison and Oscillation Theory of Linear Diﬀerential Equations. Academic Press, New York (1968)
9. Allegretto, W: Sturm theorems for degenerate elliptic equations. Proc. Am. Math. Soc. 129, 3031-3035 (2001)
10. Allegretto, W, Huang, YX: A Picone’s identity for the p-Laplacian and applications. Nonlinear Anal. 32, 819-830 (1998)
11. Allegretto, W, Huang, YX: Principal eigenvalues and Sturm comparison via Picone’s identity. J. Diﬀer. Equ. 156, 427-438
(1999)
12. Bognár, G, Dosly, O: The application of Picone-type identity for some nonlinear elliptic diﬀerential equations. Acta
Math. Univ. Comen. 72, 45-57 (2003)
13. Dunninger, DR: A Sturm comparison theorem for some degenerate quasilinear elliptic operators. Boll. Unione Mat.
Ital., A (7) 9, 117-121 (1995)
14. Kusano, T, Jaroš, J, Yoshida, N: A Picone-type identity and Sturmian comparison and oscillation theorems for a class of
half-linear partial diﬀerential equations of second order. Nonlinear Anal. 40, 381-395 (2000)
15. Yoshida, N: Oscillation criteria for half-linear partial diﬀerential equations via Picone’s identity. In: Proceedings of
Equadiﬀ, vol. 11, pp. 589-598 (2005)
16. Yoshida, N: A Picone identity for half-linear elliptic equations and its applications to oscillation theory. Nonlinear Anal.
TMA 71, 4935-4951 (2008)
17. Yoshida, N: Oscillation Theory of Partial Diﬀerential Equations. World Scientiﬁc, Singapore (2008)
18. Swanson, CA: A comparison theorem for elliptic diﬀerential equations. Proc. Am. Math. Soc. 17, 611-616 (1966)
19. Yoshida, N: Oscillation of half-linear partial diﬀerential equations with ﬁrst order terms. Stud. Univ. Žilina Math. Ser. 17,
177-184 (2003)
20. Allegretto, W: Sturm type theorems for solutions of elliptic nonlinear problems. NoDEA Nonlinear Diﬀer. Equ. Appl. 7,
309-321 (2000)
21. Jaroš, J, Kusano, T, Yoshida, N: Picone-type inequalities for elliptic equations with ﬁrst order terms and their
applications. J. Inequal. Appl. 2006, 52378 (2006)
22. Tiryaki, A, S¸ahiner, S: Sturm comparison theorems via Picone-type inequalities for some nonlinear elliptic type
equations with damped terms. Electron. J. Qual. Theory Diﬀer. Equ. 2014, 46 (2014)
23. Yoshida, N: Picone-type inequalities for a class of quasilinear elliptic equations and their applications. In: Proceedings
of the Conference on Diﬀerential & Diﬀerence Equations and Applications, pp. 1177-1185. Hindawi Publishing
Corporation, New York (2006)
24. Yoshida, N: Forced oscillations of half-linear elliptic equations via Picone-type inequality. Int. J. Diﬀer. Equ. 2010,
520486 (2010)
25. Jaroš, J, Kusano, T, Yoshida, N: Picone-type inequalities for nonlinear elliptic equations and their applications.
J. Inequal. Appl. 6, 387-404 (2001)
26. Ahmed, N, Sunada, DK: Nonlinear ﬂow in porous media. J. Hydraul. Div. 95, 1847-1857 (1969)
27. Aris, R: The Mathematical Theory of Diﬀusion and Reaction in Permeable Catalysts, vols. I and II. Clarendon, Oxford
(1975)
28. Astarita, G, Marruci, G: Principles of Non-Newtonian Fluid Mechanics. McGraw-Hill, New York (1974)
S¸ahiner et al. Journal of Inequalities and Applications  (2015) 2015:77 Page 15 of 15
29. Oden, JT: Existence theorems and approximations in nonlinear elasticity. In: Lakshmikantham, E (ed.) Nonlinear
Equations in Abstract Space. North-Holland, Amsterdam (1978)
30. Pelissier, MC: Sur quelques problèmes non linearies en glaciologie. Thèse, Publ. Math. d’Orsay, 110 (1975)
31. Schoenauer, M: A monodimensional model for fracturing. In: Fasano, A, Primicerio, M (eds.) Free Boundary Problems:
Theory, Applications. Res. Notes Math., vol. 79, pp. 701-711. Pitman, London (1983)
32. Diaz, JI: Nonlinear Partial Diﬀerential Equations and Free Boundaries. Vol. I. Elliptic Equations. Res. Notes Math.,
vol. 106. Pitman, London (1985)
33. Yoshida, N: Forced oscillation criteria for superlinear-sublinear elliptic equations via Picone-type inequality. J. Math.
Anal. Appl. 363, 711-717 (2010)
34. Adams, RA, Fournier, JJF: Sobolev Spaces, 2nd edn. Academic Press, New York (2003)
35. Evans, LC: Partial Diﬀerential Equations. Am. Math. Soc., Providence (1998)
36. Ambrosetti, A, Malchiodi, A: Nonlinear Analysis and Semilinear Elliptic Problems. Cambridge University Press,
Cambridge (2007)
37. Kreith, K, Travis, CC: Oscillation criteria for selfadjoint elliptic equations. Pac. J. Math. 41, 743-753 (1972)
